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Exercises for Lecture 3 (M2):

Efficient Mechanisms

Problem 1: Combinatorial Auction

There are two items, l = A,B (e.g., two adjacent plots of land), being auctioned off among two bid-

ders, i = 1, 2. Each bidder’s valuations for the two items and the bundle consisting of both items are

(vi,A, vi,B , vi,AB) ∼ Fi, distributed independently across bidders; the auctioneer’s value for the items is zero.

Their value of not getting either item is zero, and their utility functions are quasilinear in payments.

The auctioneer runs a VCG auction to allocate the items. In this auction, each bidder reports a bid for

every combination of items. The resulting allocation is determined so as to maximize the bidders’ welfare

according to their reported valuations, and the payments are determined using the VCG payment rule.

The bidders’ realized valuations are described by Table 1 (note that these valuations are still bidders’ private

information).

{A} {B} {A,B}
Bidder 1 20 11 33
Bidder 2 14 14 29

Table 1: Realized valuations for the combinatorial auction problem

Calculate the resulting allocation and payments.

Solution

First, note that the VCG mechanism implements the efficient allocation in dominant strategies. This means

there exists an equilibrium of the auction in which bidders report all their valuations truthfully. In what

follows, we look at this equilibrium.

Given that all valuations for all items are positive (including marginal valuations within the bundle), the

efficient allocation must be non-wasteful, i.e., both items will be allocated to one of the bidders. If we let

(k1, k2) denote the bundles of items that the bidders obtain, then we can write all four of such non-wasteful

allocations as: ({A}, {B}), ({B}, {A}), ({A,B}, {∅}), and ({∅}, {A,B}). The social welfare associated with

each of the four is, respectively, 34, 25, 33, and 29. Welfare is maximized by awarding item A to bidder 1

and item B to bidder 2, hence this is the allocation selected by the VCG mechanism given bidders’ reported

types are as in Table 1.

To calculate the VCG payments, we need to calculate k−i(θ−i) for both i, which is the efficient allocation

ignoring bidder i – in our problem it would just maximize the other bidder’s utility (since the designer has

no utility function). It is straightforward that given the valuations in Table 1, utility of either bidder is

maximized by awarding them both items. Hence the VCG payments given the realized valuations are given

by

tV CG
1 (θ) = −v2(k

∗(θ), θ2) + v2(k
−1(θ2), θ2) = −14 + 29 = 15 from bidder 1,

tV CG
2 (θ) = −v1(k

∗(θ), θ1) + v1(k
−2(θ1), θ1) = −20 + 33 = 13 from bidder 2.
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Problem 2: Efficient public good provision

This is a more standard problem on VCG mechanism. A version of this problem with numbers has been

done in lecture (Moon base example), now do it with letters.

There is a society of N people. They must collectively decide whether to implement a public project (e.g.,

build a bridge, or pass a tax reform, or order a pizza). Let k ∈ {0, 1} denote the outcome of this decision:

k = 1 if project is implemented, k = 0 otherwise. Every person i has some private valuation θi ∈ R for the

project, positive or negative. Preferences are linear, so i’s utility can be written as

ui(x, θ) = θik(θ)− ti(θ).

Here x = (k, t) stands for some direct mechanism which prescribes outcome k(θ) and payment profile t(θ)

given profile of reports θ.

1. Calculate the efficient allocation rule k∗(θ).

2. Calculate the “efficient-ignoring-i” allocation rule k−i(θ−i).

3. Calculate VCG transfers tV CG(θ) that support k∗.

4. Is the mechanism ex post IR?

5. Is the mechanism ex post budget balanced?

Solution

1. The efficient allocation k∗(θ) maximizes
∑N

i=1 θik(θ), hence

k∗(θ) =

{
1 if

∑
i θi > 0

0 if
∑

i θi ≤ 0

For simplicity, break the tie towards not implementing the project when the society is indifferent.

2. Similarly, k−i(θ−i) maximizes
∑

j ̸=i θjk(θ), so

k−i(θ−i) =

{
1 if

∑
j ̸=i θj > 0

0 if
∑

j ̸=i θj ≤ 0

3. VCG transfers are given by

tV CG
i (θ) = −

∑
j ̸=i

θjk
∗(θi, θ−i)

+
∑
j ̸=i

θjk
−i(θ−i)

= −

∑
j ̸=i

θj

 I

∑
j

θj > 0

+

∑
j ̸=i

θj

 I

∑
j ̸=i

θj > 0


=

∑
j ̸=i

θj

I
∑

j ̸=i

θj > 0

− I

∑
j

θj > 0


 ,

where I{·} is an indicator function (takes value 1 if its argument is True and 0 if it is False). In

words, citizen i only has a non-trivial transfer if they are pivotal in the social decision:
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• tV CG
i (θ) =

∑
j ̸=i θj ≥ 0 if the project is not implemented in the end (k∗(θ) = 0), but it would

have been implemented without i (k∗(θ−i) = 1). This can happen only if θi < 0.

• tV CG
i (θ) = −

∑
j ̸=i θj ≥ 0 if the project is implemented in the end (k∗(θ) = 1), but it would not

have been implemented without i (k∗(θ−i) = 0).

4. As mentioned in part 3 above, if θi ≤ 0, k∗(θ) = 0 (
∑

j θj < 0), and k∗(θ−i) = 1 (
∑

j ̸=i θj > 0), then i

blocks the public project but has to pay for this, so ui

(
(k∗(θ), tV CG(θ)), θi

)
= −tV CG

i (θ) < 0. If such

a type profile occurs, i would wish they did not sign up for the mechanism – so the mechanism is not

ex post IR.

5. As also mentioned in part 3 above, if i is not pivotal, then tV CG
i (θ) = 0. If i is pivotal, then tV CG

i (θ) ≥ 0.

So the transfer to the mechanism is weakly positive for all i and θ, meaning
∑

i t
V CG
i (θ) ≥ 0 for all θ –

the VCG mechanism is ex post budget balanced in this problem (but not “exactly budget balanced”,

since the sum is strictly positive for some θ).

Problem 3: Collusive mechanism in Cournot duopoly

Consider a Cournot duopoly with a inverse demand function P (Q) = 1−Q where Q is aggregate quantity.

Suppose that each firm i = 1, 2 has constant marginal cost θi. This marginal cost is drawn uniformly from

[0, 1
2 ]. The realizations for the two firms are independent. Suppose that the firms observe their cost level,

but not their rival’s cost level prior to choosing their quantity.

Imagine that the two firms are able to collude by committing to a collusive “mechanism” whose outcomes are

assignments of a quantity and a transfer payment to each of the two firms as a function of the announcements

by the two firms of their cost type. Let (ki(θ), ti(θ)) denote the output level and transfer assigned to firm i

if the announced profile of types (costs) is θ = (θ1, θ2).

1. We can use the VCG mechanism to implement the profit-maximizing production decisions in dominant

strategies. Explain why. (Given that collusion is not usually perceived as an efficient outcome.)

2. Derive the VCG mechanism for this setting.

(a) Find the profit-maximizing output profile k∗(θ).

(b) Find the output profile k−i(θ−i) that maximizes profit of firm −i given its type θ−i.

(c) Find the VCG transfers and describe the VCG mechanism.

3. Argue why the firms would want the collusive mechanism to be or not be budget balanced and/or

individually rational for the participants. If it should, argue which notions of IR and BB are the most

reasonable to demand in this setting.

4. Is the VCG mechanism budget balanced? Is it individually rational assuming firms’ outside options

are zero (i.e., each firm’s choice is between participating in the agreement and leaving the industry)?

5. Now suppose instead that either firm can reject the mechanism’s prescription once it has been an-

nounced (at ex post stage), in which case firms go back to playing Cournot outcome. In which cases –

i.e., for which realizations of (θ1, θ2) – would a firm want to back out of the agreement? Give formal

conditions and explain them the best you can.

(Assume that firms are not strategic about this contingency when making their reports to the mecha-

nism, so truthful reporting is still an equilibrium.)
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Solution

1. The objective is maximizing the sum of utilities of mechanism participants (i.e., firms), as it is in the

efficient mechanisms. Consumers are not participating in the mechanism, so VCG does not account

for their well-being.

2. Given cost profile θ, the profit-maximizing output profile is given by

k∗(θ) = arg max
(k1,k2)

{(k1 + k2) · (1− k1 − k2)− k1θ1 − k2θ2} .

Attempting the usual approach yields two first-order conditions that are impossible to satisfy simul-

taneously (unless θ1 = θ2). However, one can split the problem into two: finding optimal aggregate

output Q = k1 + k2 and allocating it among the two firms. Starting with the latter, it is easy to see

that to maximize the sum of profits, it is best to let the firm with the lowest cost θi produce ki = Q

and the other firm produce kj = 0. The optimal Q is then found as a maximizer of Q · (1−Q)− θiQ,

so in the end,

k∗i (θ) =


1−θi
2 if θi < θj ;

1−θi
4 if θi = θj ;

0 otherwise.

(any other split in case of a tie works as well).

The optimal output k−i(θ−i) that maximizes the sum of profits of mechanism participants except for

i – i.e., maximizes profit of firm j ̸= i, – is given by k−i
i = 0 for firm i and the monopoly output

k−i
j =

1−θj
2 for firm j.

The VCG transfer can then be computed using the standard formula to be

tV CG
i (θ) =


(1−θj)

2

4 if θi < θj ;
(1−θj)

2

8 if θi = θj ;

0 otherwise.

(To clarify: ti is the payment firm i makes to the mechanism, and it does not include market profits.)

The VCG mechanism is then a direct mechanism characterized by a pair (k∗, tV CG).

3. The collusive agreement should be beneficial for both firms, so individual rationality, at least in the

interim sense, is definitely a desired property. Whether it should be strengthened to ex post IR depends

on whether firms can make some kind of enforceable binding agreement – if yes then interim IR is fine,

otherwise ex post IR is needed to make sure that each firm complies with the mechanism’s prescriptions

when they are revealed. Enforceability of contracts is usually guaranteed by courts and the legal system

– but collusion is illegal, so going to court is not an option in our case, thus ex post IR is likely a more

reasonable requirement.1

Budget balance is less obvious. It would be nice if the mechanism was exactly budget balanced, of

course. However, it is not the end of the world if it was not. If the mechanism runs a surplus, the firms

can invest the resulting money in a joint venture or try to find some other way to put it to use without

distorting incentives. If the mechanism is expected to run a deficit, when signing the agreement the

1A curious scheme, however, was proposed by Francesco Squintani in as-of-yet unpublished manuscript. In this scheme the
firms make a collusive agreement like the mechanism we describe, and in addition sign a perfectly legal contract that is very
costly for both firms. On equilibrium path both firms follow the informal agreement and ignore the formal contract. If one firm
deviates, the other goes to court seeking damages from the deviant for not delivering on the formal contract.
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firms could make lumpsum contributions to a trust fund which would cover the deficit. In the end, the

case can be made in favor of either option.

4. The VCG mechanism always runs a budget surplus: t1(θ)+ t2(θ) =
(1−max θi)

2

4 , so it is weakly but not

exactly budget balanced, ex post and, thus, ex ante.

It is also ex post IR. Firm i’s profit under this collusive mechanism is

πV CG
i (θ) =


(1−θi)

2

4 − (1−θj)
2

4 > 0 if θi < θj ;
(1−θi)

2

8 − (1−θj)
2

8 = 0 if θi = θj ;

0 otherwise.

5. Firm i’s profit under Cournot competition is πC
i (θ) =

(1+θj−2θi)
2

9 . This is assuming that costs are

commonly known after being announced by the mechanism. This profit is greater than πV CG
i (θ) if:

• either θi > θj ,

• or θi < θj and 4 + 13θ2j − 10θj − 16θjθi + 2θi − 25θ2i > 0.

The former condition is straightforward: if i has the higher marginal cost then it is told to not produce

by the mechanism, which together with zero transfer implies zero profit. Cournot competition, on the

other hand, almost always yields positive profit, and is hence a more appealing option.2 Therefore, at

least one firm would almost always want to back out of the agreement.

To get a complete picture, it is also interesting to explore the second condition above. It holds if θi is

low enough (to see this, either plot it using your favorite software, or figure out which part of the saddle

we are looking at with θ ∈ [0, 1
2 ]

2). I.e., if a firm’s costs are very low then it is better off defeating the

competitor in a fair fight than paying him off in a mechanism.

In the end, mechanism participation is only optimal for i if its costs are high but the opponent’s costs

are even higher.

Problem 4: Spiteful exchange

Carl stole a coral from Clara; Clara stole Carl’s clarinet. Once everything’s been said and done, they are

debating whether to exchange the stolen items back, k ∈ {0, 1}. Carl’s own valuation for getting back the

clarinet and returning the coral is given by θ1, which is his private information. Clara’s analogous valuation

for returning the clarinet and recovering the coral is θ2. Both players, however, are spiteful, so they want

to maximize own value and minimize the other person’s value. In the end, Carl’s utility function u1 and

Clara’s u2 are given by

u1(k, t, θ) = θ1k(θ)− αθ2k(θ)− t1(θ),

u2(k, t, θ) = θ2k(θ)− αθ1k(θ)− t2(θ),

where α is the common animosity parameter, and ti represent transfers to the mechanism.

Propose a welfare-maximizing mechanism (describe it fully and explain how you derived it) for each of the

following cases:

1. α = 1;

2. α ∈ (0, 1);

2The only exception is the case θi =
1
2
, θj = 0.

Page 5 of 6



Københavns
Universitet

Mechanism Design
Exercises for Lecture 3 (M2)

Fall 2024
Prof. Egor Starkov

3. α > 1.

Would the resulting mechanisms be individually rational and/or budget balanced?

Solution

1. Welfare is given by

v1(k, θ) + v2(k, θ) = θ1k(θ)− αθ2k(θ) + θ2k(θ)− αθ1k(θ)

= (1− α)(θ1 + θ2)k(θ)

= 0.

If α = 1, welfare does not depend on the allocation or the transfers, hence no mechanism can improve

on the status quo k = 0, ti = 0 for i ∈ {1, 2}. This “trivial mechanism” is both IR and BB.

2. If α ∈ (0, 1), then welfare equals (1 − α)(θ1 + θ2)k(θ), hence the efficient allocation rule is k∗(θ) =

I {θ1 + θ2 > 0} (if θ1 + θ2 = 0, either k ∈ {0, 1} can be selected). We can then use the VCG transfers

to support it:

tV CG
1 (θ) = (θ2 − αθ1) · (I {θ2 − αθ1 > 0} − I {θ1 + θ2 > 0}) ,
tV CG
2 (θ) = (θ1 − αθ2) · (I {θ1 − αθ2 > 0} − I {θ1 + θ2 > 0}) .

The resulting mechanism (k∗, tV CG) would be budget balanced, but not individually rational. Another

option would be to use the gVCG mechanism (that we will encounter in the weeks to come), which

would be IR, but not necessarily BB.

3. If α > 1, then welfare equals −(α − 1)(θ1 + θ2)k(θ), hence the efficient allocation rule is k∗(θ) =

I {θ1 + θ2 < 0}. We can again use the VCG transfers to support it:

tV CG
1 (θ) = (θ2 − αθ1) · (I {θ2 − αθ1 > 0} − I {θ1 + θ2 < 0}) ,
tV CG
2 (θ) = (θ1 − αθ2) · (I {θ1 − αθ2 > 0} − I {θ1 + θ2 < 0}) .

The resulting mechanism (k∗, tV CG) would again be budget balanced, but not individually rational.
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