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Exercises after Lecture 10 (M7):

Matching models.

Problem 1: Solve your own problem

This problem is meant to demonstrate the power of DA algorithm, which finds a stable matching in any

marriage market.

Consider a market with four men and four women. Come up with arbitrary preferences for all players (i.e.,

a ranking for each player of all players on the other side of the market and the option to stay single).

1. Find a stable matching generated by men-proposing DA algorithm.

2. Find a stable matching generated by women-proposing DA algorithm.

3. Are there any other stable matchings?

4. Suppose a men-proposing DA algorithm is run. Is there a profitable deviation for any of the women

– i.e., can any woman misreport her preferences to the mechanism to improve her matching? If yes,

show it; if not, explain why.

(Hint: such a deviation exists if and only if you have more than one stable matching, which happens if

and only if the outcomes of W-DA and M-DA algorithms are different.)

Problem 2: College admissions

This problem demonstrates how marriage model can be extended to allow many-to-one matchings, which

turns it into a “college admissions model”.

There is a market with four students S = {s1, ..., s4} and three colleges C = {c1, c2, c3}. College c1 can admit

two students (its quota is q1 = 2); the remaining two colleges can admit one student each (q2 = q3 = 1).

Players’ preferences (ordinal rankings, written best to worst) are given by

≻s1 : c3, c1, c2 ≻c1 : s1, s2, s3, s4

≻s2 : c2, c1, c3 ≻c2 : s1, s2, s3, s4

≻s3 : c1, c3, c2 ≻c3 : s3, s1, s2, s4

≻s4 : c1, c2, c3

Your goal is to find a stable matching in this problem. The only difference from the marriage model we

considered in class is that college c1 can admit two students. The trick is to represent the two available

spots in c1 as two independent players which have the same preferences over students and which rank equally

against other colleges among the students.

In particular, consider instead a market with the same four students but now four colleges C ′ = {c1.1, c1.2, c2, c3}
(each with quota qi = 1, as in the marriage model), and preferences are given by

≻s1 : c3, c1.1, c1.2, c2 ≻c1.1 : s1, s2, s3, s4

≻s2 : c2, c1.1, c1.2, c3 ≻c1.2 : s1, s2, s3, s4

≻s3 : c1.1, c1.2, c3, c2 ≻c2 : s1, s2, s3, s4

≻s4 : c1.1, c1.2, c2, c3 ≻c3 : s3, s1, s2, s4
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1. Use the college-proposing DA algorithm to find a stable matching.

2. Matching µ generated by the C-DA algorithm is C ′-optimal. However, there is another matching

µ′ = {(c1, s2, s4), (c2, s1), (c3, s3)} that is strictly preferred to µ by all colleges in C. How can you

explain this contradiction?

Problem 3: Book giveaway

Djul has defended his Ph.D. and found a job. He looks back at the small library of books that he has

assembled during his studies and decides that he does not need them as much any more. Therefore, he

decides to give the books away to fellow Ph.D. students. Suppose there are b ∈ {1, ..., B} books and

i ∈ {1, ..., N} interested students. Since N > B, Djul decides that it would be fair to limit the giveaway to

one book per person. Let θi,b denote the valuation of student i for book b (privately known by student i).

Assume that all students are economists who act in pure self-interest.

1. Given that Ph.D. students are poor,1 and Djul himself now has a well-paying job, he would prefer to

give the books away for free. Propose a mechanism that Djul could use to allocate the books among

fellow students for free and in a way that would be Pareto optimal.

2. Suppose now that N = 6, B = 4, and the realized valuations are as given in Table 1. Calculate the

allocation produced by your mechanism from part 1.

θi,b i = 1 i = 2 i = 3 i = 4 i = 5 i = 6

b = 1 4 4 1 8 9 9
b = 2 0 2 4 9 5 3
b = 3 9 5 5 2 6 4
b = 4 7 6 0 7 2 6

Table 1: Preferences for the Book Giveaway problem

3. Does there exist a mechanism that allocates the books without transfers efficiently (i.e., in a welfare-

maximizing way)? If yes: present a mechanism. If not: explain why.

4. Djul has run your mechanism from part 1 and messaged people regarding who got which book, but

lost his phone with all the notes and messages before actually giving any books away. He thus cannot

remember which book was promised to which student. Each student, however, knows which book they

were promised. How can Djul recover the promised allocation without running the whole mechanism

again? (Propose a mechanism that relies on students’ reports of the books they were promised and

explain why it works.)

Problem 4: Teams and sponsors

There are four racing teams without sponsors in Formula 0: Abarth, Bentley, Caterpillar, and Dacia (referred

to respectively as A, B, C, and D). There are three sponsors looking to invest in racing teams in exchange

for exposure and marketing activities: XFT Technologies, Yggdrasil Finance, and Zero Energy (X, Y, and

Z, respectively). The sponsorship contracts in Formula 0 are standard in terms of sums and responsibilities,

but different teams and sponsors may prefer different partners, due to differences in values and vision.

Both teams and sponsors are very secretive about their preferences, but it is known that everyone has a

very clear ranking over potential partners (and each wants exactly one partner). Further, the following

information has been revealed through interviews and leaks:

1The story is taking place in the U.S.
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• all three sponsors and all four teams want to find a partner more than to stay independent/uninvolved;

• sponsor Y is by far the most preferred option for teams B and D;

• sponsor Y itself favors B over the other teams;

• sponsor Z, conversely, said they had no talks with B or D, and among the other two teams, it is

generally understood that they favor a deal with C;

• team C ranks Z over X, but it is not clear where Y stands in this ranking;

• sponsor X suffered from an internal leak, suggesting that their marketing team ranked C over D over

B over A.

You are a correspondent for an autosport website, and your editor asked you to write an article “This is how

the sponsorships will play out in F0”. The information is incomplete, but your editor insists that it allows

to learn at least something about how the final matching will look like.

1. You decided to start by speculating. Complete the players’ rankings (in any way that is consistent

with the information provided) and find a stable matching in this market.

2. Your editor is not happy with speculation and says you should not make any assumptions about

preferences except for those given above. What can you answer to the following questions about the

stable matching in this market, based only on the information given above:

(a) Whom will Y sponsor?

(b) Who will sponsor team C?

(c) Who will sponsor team A?

(Explain how you obtained your answers.)
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