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Exercises for Lecture 5:

gVCG, AGV.

Problem 1: Efficient public good provision 3

Consider the usual public project problem setup: There is a society of N people. They must collectively

decide whether to implement a public project. Let k ∈ {0, 1} denote the outcome of this decision: k = 1 if

project is implemented, k = 0 otherwise. Every person i has some private valuation θi ∈ R for the project,

positive or negative. Preferences are linear, so i’s utility can be written as

ui(x, θ) = θik(θ)− ti(θ).

Here x = (k, t) stands for some direct mechanism which prescribes outcome k(θ) ∈ {0, 1} and payment

profile t(θ) given profile of reports θ.

Assume now that players’ valuations are independently distributed according to θi ∼ U [−θ̂, θ̂] for all i, and

that the public project has some known social cost c > 0. All players’ outside options are zero: U i(θi) = 0.

Derive the gVCG transfers.

Solution

LCT for any i is θ̃i = −θ̂ (you do not actually need to calculate the expectation to find it, since the expression

that θ̃i minimizes is weakly monotone in θi – i.e., one of the edges of the support is the solution). The gVCG

transfers are then given by

tgV CG
i (θ) = max

0,
∑
j ̸=i

θj − θ̂ − c

−

∑
j ̸=i

θj − c

 · I


N∑
j=1

θj − c > 0


=


0 if

∑N
j=1 θj − c ≤ 0,

−
(∑

j ̸=i θj − c
)

if
∑

j ̸=i θj − θ̂ − c ≤ 0 <
∑N

j=1 θj − c,

−θ̂ if
∑

j ̸=i θj − θ̂ − c > 0.

Problem 2: AGV and public goods

Consider the public good provision problem (again). Suppose now that there are only two individuals:

i = 1, 2, their valuations for the public project are θi ∼ i.i.d.U [−1, 1], and the cost is c ∈ [0, 1] (known to all

agents).

1. Calculate the AGV transfers for this problem.

2. Do the players’ payments to the mechanism cover the project cost c if and only if the project is

implemented? (I.e., is the mechanism exactly budget balanced once we account for the project costs?)

Solution

Note: the lectures are somewhat vague, so you can get somewhat different expressions in part 1 depending

on how exactly you approach the problem. The answer to part 2 should, however, be qualitatively the same

in all of those cases.
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Figure 1: regions for AGV transfers

The t̃ are as follows: for i = 1, 2,

t̃i(θi) = Eθj [(θj − c) · I{θ1 + θ2 ≥ c}]

=

∫ 1

min{c−θi,1}
(θj − c)

1

2
dθj

=
1

4

[
(c− 1)2 − θ2i

]
· I{θi ≥ c− 1};

and the actual transfers are then tAGV
i (θ) = t̃j(θj)− t̃i(θi) for i = 1, 2, which evaluates to

tAGV
i (θ) =



θ2
i−θ2

j

4 if θi, θj ≥ c− 1 (region I),
(c−1)2−θ2

j

4 if θj ≥ c− 1 > θi (region II),
θ2
i−(c−1)2

4 if θi ≥ c− 1 > θj (region III),

0 if c− 1 > θi, θj (region IV).

The regions are plotted in Figure 1. Note that the public project is implemented only in region Ia, but the

two agents’ transfers sum up to zero there, same as in all other regions. Therefore, the AGV mechanism

does not cover the project cost. At this point you might think that this is because you need to compute t̃0
and somehow include it in the players’ payments. However, regardless of how you split this t̃0 across agents,

payments in regions Ia and Ib will always be continuous at the border (since t̃0 would just add some constant

to agents’ payments), whereas to cover the cost of the project exactly, the sum of payments must be larger

by c in Ia than in Ib.
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Problem 3: Myerson-Satterthwaite theorem

Consider the bilateral trade problem discussed in class: the designer would like to implement the efficient

allocation rule in a market consisting of one buyer and one seller, who are trading one item. The seller’s

valuation for the item is given by his private type θS ∼ U [0, 1], and the buyer’s valuation is given by his

private type θB ∼ U [0, 1], independent of θS . The outside options are given by US(θS) = θS and UB(θB) = 0

respectively. The utilities of the two players are Euclidean and are given by:

uS(x, θ) = θS(1− k(θ))− tS(θ)

uB(x, θ) = θBk(θ)− tB(θ)

where k(θ) ∈ [0, 1] is the probability of trade given type profile θ.

Derive the gVCG transfers for this problem. Show that the resulting mechanism is not ex ante budget

balanced (not even weakly).

Solution

It is straightforward to see that the efficient allocation rule k∗(θ) is given by:

k∗(θ) =

{
1 if θS ≤ θB

0 if θS > θB

The least charitable types θ̃i of each player are given by:

θ̃i ∈ arg min
θi∈Θi

{
Eθ−i

[vB(k
∗(θi, θ−i), θj) + vS(k

∗(θi, θ−i), θj)− U i(θi)]
}

⇒ θ̃B ∈ arg min
θB∈[0,1]

{EθS [max{θB , θS}]} = arg min
θB∈[0,1]

{∫ 1

0

max{θB , θS}ϕ(θS)dθS
}

= arg min
θB∈[0,1]

{∫ θB

0

θBdθS +

∫ 1

θB

θSdθS

}
= arg min

θB∈[0,1]

{
θ2B +

1− θ2B
2

}
= {0};

θ̃S ∈ arg min
θS∈[0,1]

{EθB [max{θB , θS} − θS ]} = arg min
θS∈[0,1]

{
1

2
+

θ2S
2

− θS

}
= {1}.

So in the end we have θ̃B = 0, θ̃S = 1.

Our next step is to construct the gVCG transfers that implement the efficient allocation. They are given by:

tgV CG
S (θ) = vB(k

∗(θ̃S , θB), θB) + vS(k
∗(θ̃S , θB), θ̃S)−

−vB(k
∗(θS , θB), θB)− US(θ̃S)

tgV CG
B (θ) = vS(k

∗(θ̃B , θS), θS) + vB(k
∗(θ̃B , θS), θ̃B)−

−vS(k
∗(θB , θS), θS)− UB(θ̃B)

Noticing that vB(k
∗(θ))+vS(k

∗(θ)) = max{θB , θS} and plugging in the efficient allocation k∗ and the outside
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options U i, we get

tgV CG
S (θ) = max{θ̃S , θB} − θBk

∗(θS , θB)− θ̃S

tgV CG
B (θ) = max{θ̃B , θS} − θS (1− k∗(θS , θB))

Since θ̃B = 0, θ̃S = 1, we have max{θ̃S , θB} = max{1, θB} = 1, and max{θ̃B , θS} = max{0, θS} = θS .

Therefore, the transfer rules become:

tgV CG
S (θ) = −θBk

∗(θS , θB)

tgV CG
B (θ) = θSk

∗(θS , θB)

Recall that a mechanism is ex ante weakly BB (budget balanced) if Eθ [tS(θ) + tB(θ)] ≥ 0. In our case:

tgV CG
S (θ) + tgV CG

B (θ) =

{
θS − θB < 0 if θS ≤ θB ,

0 if θS > θB .

Hence, the gVCG mechanism is not budget balanced (ex ante or ex post). However, it is the mechanism that

yields the highest expected revenue Eθ (tS(θ) + tB(θ)) among all mechanisms that are efficient, BIC, and

interim IR. Therefore, there does not exist a mechanism for the bilateral trade problem which is efficient,

BIC, interim IR, and ex ante BB.

Problem 4: Divine intervention

The year is 854 AD. The place is Denmark. The reigning king Horik is challenged by his nephew Guttorm

for the claim to the kingdom. Both know that a grand battle between them in inevitable, and both are

praying to Odin and the rest of Æsir to tilt the outcome of this battle in their favor. You are to assume the

role of Odin and to decide the outcome of the battle.

In particular, you are a mechanism designer dealing with two players i = H,G. Every player i has a private

type θi ∼ U [0, 1] (θH and θG are indepedent). An outcome is given by x = (k, t), where k = (kH , kG) is an

allocation such that ki ∈ [−1, 1] and kH + kG ≤ 0, and t is a vector of transfers. Players’ payoffs are given

by ui(x, θ) = kiθi − ti. The outside options are normalized to zero.

In our story, allocations represent who wins the battle: e.g., (kH , kG) = (1,−1) means Horik wins while

Guttorm loses and is killed in battle. Restriction kH + kG ≤ 0 means that they cannot both win, but can

both lose. Transfer ti need not mean money, but rather (the negative of) favor that the gods will show

to i outside of battle, in life or afterlife. Horik’s and Guttorm’s types represent their paltriness. Higher θi
means that i would very much prefer to become a king and is very afraid of death. Low θi means that i

values honorable death in combat almost as highly as reign over the realm. Finally, the “outside option”

represents fleeing from the battle, retaining life but losing the kingdom. The level of “favor” ti in this case

is normalized to zero (i.e., favor is measured relative to this scenario).

Suppose that Odin & the co-gods love a good battle (so do not want players to flee), but are otherwise

benevolent and do not care about favor. They thus decide to use a generalized VCG mechanism to determine

the outcome.

1. Find the efficient allocation rule k∗(θ) = argmaxk{uH(k, θ) + uG(k, θ)}.

2. Find the least charitable types θ̃i.

3. Calculate the gVCG transfer rule tgV CG(θ) that supports the efficient allocation rule.
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Solution

1. The efficient allocation is obviously (you may have a different tie-breaking rule)

k∗(θ) =


(1,−1) if θH > θG;

(0, 0) if θH = θG;

(−1, 1) if θH < θG.

2. The least charitable types are, for both i,

θ̃i ≡ argmin
θi

Eθ−i
{θHk∗H(θ) + θGk

∗
G(θ)− 0}

= argmin
θi

Eθj {(θi − θj) k
∗
i (θ)}

= 0.5

3. The gVCG transfer rule for i is

tgV CG
i (θi, θ−i) = θjk

∗
j (θ̃i, θj) + θ̃ik

∗
i (θ̃i, θj)− θjk

∗
j (θi, θj)− U i(θ̃i)

= |0.5− θj | − θj · sgn(θj − θi)

=


|0.5− θj | − θj if θi < θj ,

|0.5− θj | if θj = θi,

|0.5− θj |+ θj if θi > θj .

I.e., if θj < 0.5 then i pays 0.5 if he wins and 0.5 − 2θj ≷ 0 if he loses; while if θj > 0.5 then i pays

2θj − 0.5 > 0 if he wins and receives 0.5 if he loses.
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