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Final re-exam solutions

Problem 1: Isolated markets

The war in Ukraine led to the isolation of the Russian financial market: both Russian companies’ and
Russian investors’ access to foreign capital markets got heavily restricted, and vice versa, as a result of other
countries’ sanctions and Russia’s own regulations.

Discuss the implications of such an isolation for:

1. Allocative efficiency: will Russian and foreign assets be allocated efficiently among investors? Why/why
not?

2. Informational efficiency: will Russian and foreign assets be priced efficiently? Why/why not?

Solution

1. No, it is likely efficient for Russians to hold some foreign assets in their portfolios and vice versa,
for diversification reasons (country risk in financial assets is both significant and easily diversifiable).
Removing such an opportunity hurts the allocative efficiency in financial markets.

2. In the short run, the invasion and the isolation had created a significant uncertainty about the Russian
firms’ future prospects and their fundamental value. Unless asset prices are strong-form efficient, which
they never are, this implies that asset prices would, on average, be further away from the fundamental
value, i.e., less efficient.

In the medium to long run, the uncertainty above would be resolved. However, there would still be
fewer participants in both Russian and foreign financial markets — due to Russian investors being cut
off from the foreign markets and vice versa. This leads to worse price discovery and less efficient prices
in both markets. One could, however, argue that such “cross-polination” was not significant enough
in the first place for its shutdown to have a meaningful effect.

Problem 2: Islandsbanki

COPENHAGEN;, April 19 2022 (Reuters) — Iceland said on Tuesday a sale of the state’s remaining
share in Islandsbanki would not go ahead as planned due to lack of transparency in a sale of the
bank’s shares last month. ...

“The implementation of the sale did not fully meet the government’s expectations, including
transparency and clear disclosure of information,” it said in a statement. ...

The state sold off 35% of Islandsbanki last year in Iceland’s largest ever initial public offering. ...
In January, state holding company Icelandic State Financial Investments (ISFI) got permission
to sell its remaining 65% stake, of which 22.5% were sold last month ... in an oversubscribed
auction[]

In the context of the case presented above, answer the following question: how can the lack of transparency
and clear disclosure of information affect the results during such a stock offering?

Solution

We have seen in class that transparency typically benefits the uninformed and harms the informed investors,
since it partly negates the informational advantage that the latter have. If the effect on the uninformed

Ihttps://www.reuters.com/article/iceland-banks-islandsbanki-idUSL2N2WHONS
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investors dominates, their reduced willingness to participate in non-transparent public offerings leads to
lower prices and thus lower revenue for the seller.

If the market is mainly driven by the informed investors, they would be more willing to participate in an
opaque auction. This is not necessarily better for the seller, since the informed traders’ profit comes at a
cost to both the uninformed traders and the seller (assuming the seller is uninformed; this seller’s loss can
be missed from only looking at competitive dealer markets, which we did throughout the course, and which
does not apply to the situation at hand). So in the end, opaqueness likely harms the seller regardless of the
composition of the buyer population.

Problem 3: Dynamic limit order book with adverse selection

NOTE: this problem is long and difficult. Make as much progress as you can and show your work.

This problem explores the effects of informed trading in a version of the Parlour model that we have seen in
class. Suppose that there is one asset, whose fundamental value v is unknown, and whose market valuation
evolves according to py = Elv | 4] = pt—1 + €, where ¢, € {—0, 0} with equal probabilities is period-t news,
publicly announced at the end of period ¢ (after any period-t orders are submitted)ﬂ In every period ¢,
one risk-neutral trader arrives at the market. With probability 7 the trader is informed and already knows
this period’s news ¢;. With probability 1 — 7 the trader is uninformed but has an idiosyncratic valuation
ys € {—0, 0} with equal probabilities, which is independent of all {¢;}. The period-t uninformed trader thus
values the asset at v + ;.

Suppose that in every period, there is one ask price a; = p;—1 + S and one bid price by = ur—1 — S, where
S denotes the half-spread, constant across periods. Each arriving trader can choose between submitting a
limit order for one unit at the respective price or a market order against an existing order in the limit order
book. A limit order is valid for one period and is automatically cancelled if it is not traded against by the
next traderﬂ Let d; € {@, M S, LS, LB, M B} denote the order submitted by period-¢ trader, where d; = &
means the trader abstains from trading, and the other four denote, respectively, the market sell, limit sell,
limit buy, and market buy orders.

1. What is the expected utility of a period-t informed trader from using a limit buy order, as a function
of its execution probability pyss?

2. What is the expected utility of a period-t uninformed trader from using a limit buy order, as a function
of its execution probability pyrs?

3. What are the expected utilities that the informed and uninformed traders get from using a market buy
order (assuming a limit sell order is in the book)? How do they depend on €;_1?

We shall look for equilibrium in which traders use a market order if they get a good price, while otherwise
an uninformed trader uses a limit order, and an informed trader abstains. Le., in the presence of a fitting
limit order in the book, trading strategies d! (e;, ;1) and dY (y;, €;_1) for the informed and the uninformed
traders are given by:

d(+0,40) = MB dy (+o,+0)=MB
d(+0,—-0) = LS dY(+0,—0) = LB
d{(—o,+0) = LB dY(—o,+0) = LS
dl(~o,—0)=MS dY(—o,—0) = MS

4. Derive the execution probabilities pysg. Are they different for the informed and the uninformed traders?

20bject Q2 denotes all public information available to the market at (the end of) period ¢.
3To be clear: a limit order submitted in period ¢ can not be cancelled or repriced when ¢; is revealed.
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Why /why not?

5. For which values of S is it optimal for a period-t trader to use a market buy order when €,_; = ¢ and
€:/y: = +o (for the informed/uninformed trader, respectively)?

6. For which values of S are d!(+0,—0) = LS and dY (+0,—0c) = LB the optimal strategies in their
respective cases?

7. Argue that your answers to the two previous questions apply also to the four remaining cases (a very
short verbal argument is expected). Derive the final conditions that S must satisfy for the strategies
assumed above to constitute an equilibrium.

8. Do the conditions you derived above impose any restrictions on 7?7 If yes, explain intuitively why the
desired equilibrium may not exist when 7 is out of bounds.

9. The equilibrium under consideration involves informed traders sometimes trading against their private
information (when ¢; = 4+¢ they may submit a limit sell order and vice versa). Discuss intuitively why
such a situation arises.

NOTE: you can attempt to answer this question even if you have not answered some or all of the parts
4-9 above.

10. Finally, most of the problem above looked at one specific equilibrium. Are there any other equilibria
of this game (for a given S)?
NOTE: this is a bonus question, i.e., it is extremely long and difficult. You are welcome to attempt it
and show your work after you have solved the rest of the exam, but you are not expected to provide a
complete answer.

Solution
1. The informed trader’s expected utility from a limit buy order is

Ulp = (]E[U | pe—1, €, dpy1 = MS] — bt)PMS
= ((ﬂt +Elei1 | €, deyr = MS]) — (-1 — S))pMS

= (Et + E[6t+1 | €, dir1 = MS] + S)pMs. (1)

Note that while the informed trader knows €, they do not know €;41, and the event that their limit
order executes may be informative about €;1.

The uninformed trader’s expected utility from a limit buy order is
U = (Blv | g1, divs = MS]+ o — b )pass
= ((Mt—l + Elet + €041 | degr = MS] +ye) = (pe—1 — 5))pMs

= (E[Gt +epqr | dig1 = MS] +ye + S)pMS~ (2)

The uninformed trader has no prior knowledge of either €; or €;41, but can make inferences about them
from the event dy1 = MS.
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3. The informed trader’s expected utility from using a market buy order is given by

UI{/IB = E[’U | /~Lt—1,€t} — Q¢—1
= (-1 + &) = (-2 +5)
= (pg—1 — pr—2) + € — S
=€-1+ € — S. (3)
For the uninformed trader we have
UJ\[{[B = (E[v | pe—1] + yt) — ar—1
= (pt—1 +yt) — (p—2 +5)
= (p—1 — pre—2) +y¢ — S
=€_1+y — S (4)

The limit sell order placed at ¢t — 1 is priced at a;—1 = p;—2 + 5, hence it does not incorporate the last
period’s news shock €;_1. So if ¢,_1 = o, asset value has increased since the limit order was placed,
which is not reflected in a;_1, and so the period-t trader gets to buy the asset cheaply and gets higher
utility because of that. Conversely, if €,_1 = —o, the limit sell order from ¢ — 1 overprices the asset
relative to its market valuation in ¢, so using a market buy order yields lower utility.

4. For the uninformed trader, ppss and all the relevant expectations given the assumed equilibrium
strategies are given by:

Hs= T+ = )

Elett1 [ depr = MS] = —0 - P(I | dp1 = MS) + U;U ‘P(U | dp1 = MS)
=—om; (6)
Ele; | di41 = MS] = —o. (7)

For the informed trader:

0 if ¢, = +o,
Pis(er) = P(deyr = MS | ;) = {ﬂ w1 ' (8)
3t+5 =3 ifa=—o
s 1—7 o—0
E =—0,dyy1 =MS = ————(— .
€1 | € = =0y dipa S| 7T+(1—7r)( U)+7H_(1_7T) 5
= —70; (9)

and we do not compute Ele;11 | € = +0,dry1 = MS] since it is irrelevant (because pyrs = 0 in that
case).

As argued above, €; affects the appeal of a market order relative to a limit order for trader at ¢t + 1
— and the assumed strategy profile does indeed assume that the informed trader’s behavior at ¢ + 1
depends on €;. Therefore, the execution probability pysg of a limit buy order depends on €;, and the
knowledge of ¢; allows the informed trader to better estimate py/s.

5. Look first at the uninformed trader when €; 1 = y; = +0. Plugging these values and f@ into
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and , we get

Ulp(+o,4+0) =20 — S
S —mno
4
1 S—02+m)0c

Ulg(+o,+0) = Ulg(~0,—0) = ((—U—WJ)—J+S)Z: 1

1
Ulg(+0,+0) = ((—a —mo)+o+ S)Z =

Uprs(+0,+0) = Uy p(—0, —0) = =20 — S,

where the first equations in the two latter lines follow from the symmetry of the model. Note that
UYs(+0,+0) > UY(+0,+0) and UY;4(+0,4+0) < 0. Then MB is optimal for U if U}, z(+0, +0) >
max {0, U/ (+0, +a)}, which is equivalent to S < min {20, ¥%0} «— 5 < 7.

Now consider the informed trader when ¢;_1 = ¢, = +0. Plugging these values and f@ into
and , we get

+o, +o

+o0,+0 0

mB( ) =
15( ) =
(+cr,+a) Ulg(—0,—0) = (7077r0+5)%
( ) =

Ul s(+0,40) =Ul g(—0,—0) = =20 — S,

where the second line follows from p},¢(e; = +0) = 0. Note that Ui, (40, +0) < 0. Then MB is opti-
mal for 1 if U}, z(+0,+0) > max {0,Uf g(+0,+0)}, which is equivalent to S < min {20, %0}
S < g,

=73

Market buy order is then optimal in both cases when S < min {$t%0, 5*—”0} — §< &7
6. Start again with the uninformed trader when €,_1 = —o and y; = +o. From (2) and (4]) we get

Ul g(+0,—0) = -8
S —7wo
4
1 S—02+4m0o

Uls(+0,—0) = Ullg(=0,+0) = (=0 —70) 0 + 5 ) 7 = =—

Ulg(+o,—0) = ((—o—wo) +U+S)i —

U]%S(J'_Ua _0) = UI\g[B(_O-a +U) =-S.
Note that either market order yields negative profit, and UY(+0, —0) > Ulg(+0,—0c). Then LB is
optimal if UEB(—l—a, —0)>0 <= S >ro.
For the informed trader, when ¢,_; = —o and ¢, = 4o, (1)) and (3) yield

where either market order yields negative profit, so LS is optimal if U} ¢(+0,—0) > 0 < S >
(1+mo.

7. The model is fully symmetric w.r.t. buy/sell sides, hence the conditions for the optimality of market
buy orders are exactly the same as the conditions we would get for the optimality of market sell orders

Page 5 of |§|



Kgbenhavns Financial Markets Microstructure Spring 2022
Universitet Exam Prof. Egor Starkov

10.

in their respective cases. The same applies to the two remaining cases, d!(—o, +0) and dV (-0, +0),
which are completely symmetric to the respective cases d! (+o, —c) and d¥ (+o, —0c), respectively.

Combining the conditions from the previous two questions, we get that the desired equilibrium can be
sustained only if

Se {max{wa,(l +w)o},min{8+” 5”0”

5 773

e Sc {(1+7T)0,8+7T0} (10)

For the interval in to be nonempty, we need 1 + 7w < 8+T’T <= m < 3/4. The bounds on S come
from two sources (actually more than that, but these two are the tightest). Firstly, U} 4(+0, —0c) > 0:
the spread must be large enough to reward limit orders from informed traders. Putting in a limit
order, however, is associated with adverse selection, since a limit order is more likely to execute when
€+1 = —o. The higher is 7, the more severe this adverse selection is. Secondly, U} (40, +0) >
UY(+0,+0): the spread must be small enough for the market orders to not be too costly relative to
limit orders for the uninformed traders. While higher 7 makes limit orders less appealing for the same
reason as above, thus relaxing this constraint, this channel is not as strong for uninformed investors
because their primary concern is spread S. This is in the sense that U are choosing between MB and
LB in equilibrium, while I are choosing between LS and abstaining — so the uninformed investors are
twice as sensitive to the spread.

Such a countertrading occurs in cases when both past and future price movements turn out to be
unfavorable. E.g., if ¢, = +0, the informed trader in period t has private information that the asset is
worth more than the rest of the market currently believes. However, if ¢,_; = —o, the current limit
orders in the LOB do not reflect this current valuation, since they do not reflect the previous period’s
bad news. This makes market buy orders unappealing, since the ask price is high relative to the current
market valuation p;—;. On the other hand, a limit buy order is also unlikely to succeed, since €; is
revealed before any market orders can be submitted, so any trader who could trade against a limit buy
order would know of the asset’s high valuation, meaning they are unlikely to sell at the low price b;.

Therefore, the informed trader is unable to capitalize on their knowledge that the asset is currently
underpriced (partly because it is not, in fact, underpriced by the LOB). However, if the spread S is
large enough, they can capitalize on the knowledge of the future price movements. In the scenario
above, (€;,€,—1) = (+0,—0), putting in a limit sell order is profitable because the spread is large
enough for such an order to yield a profit, and the fact that this order is underpriced relative to
makes it more likely to execute.

From the analysis above, at least one other equilibrium is relatively salient, which is identical to the one
under consideration, except d! (+0,—0) = df(—0,+0) = @: instead of countertrading, the informed
traders abstain in case of unfavorable price movements. These trading strategies can be sustained in
equilibrium when S € [770, min {(1 + o, 8+7T0’H.

5

My guess from bruteforcing all other possible equilibria is that no other equilibria exist (any conjectured
strategy profile leads to a collection of mutually exclusive conditions on S), but it was a very preliminary
analysis, so the conclusion may be wrong.
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