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Final exam solutions

Problem 1: Twitter buyout

In April 2022, when Elon Musk has announced his intent to buy Twitter at $54.20 per share, but no official
acceptance from Twitter’s Board of Directors has been issued, the following tweet has been made by the
Saudi Prince Alwaleed bin Talal, head of Kingdom Holding Company, which owns 5.2 percent of Twitter:

“I don’t believe that the proposed offer by @elonmusk ($54.20) comes close to the intrinsic value
of @Twitter given its growth prospects ... I reject this offer.”
(https://twitter.com/Alwaleed_Talal/status/1514615956986757127)

Twitter stock closing price on NYSE on April 13th (day before the tweet) was $45.85, and on April 14th
(day of the tweet) was $45.08.

1. Explain how the price movement on April 14th could be rationalized by the quoted tweet.

2. The Prince claimed the intrinsic value of Twitter was much higher than $54.20 per stock, but the
market price was significantly lower than that. Based on the course material, provide at least three
possible explanations for this discrepancy.

Solution

1. A major shareholder sent a signal that they might not agree to the buyout, reducing the probability
that other investors will receive the buyout value of $54.20 (which is above the market consensus
valuation), which reduced the expected payoff of twitter stock as perceived by the investors.

(The Prince also claimed the fundamental value is above $54.20, which should have been a good signal
about the fundamental value but wasn’t, possibly because other traders disagree or did not find this
claim credible.)

2. More explanations are possible, but the simplest ones are: (1) The Prince values Twitter stock more
than other investors due to some idiosyncratic preference (like it giving him access to internal Twitter
data that could be used for political purposes); (2) the Prince has some insider/private information
about Twitter’s true value; (3) investors vary in their risk-aversion, with most investors being more
risk-averse than the Prince and thus having lower valuation of the Twitter stock, which leads to the
market valuation being lower as well.

Problem 2: Liquidity premium with liquidity shocks

When we looked at the Amihud-Mendelson model of illiquidity premium in class, we assumed that all traders
have the same holding period h. This problem asks you to reconsider this model when instead of a fixed
holding period h, all traders have a fixed probability A with which a need to sell the asset arises in any given
period.

In particular, consider an asset, whose (mid-)price grows at a constant rate R: pu; = ps—1(1 + R), and which
is traded with a constant relative half-spread 5. Consider a market consisting of identical investors who
consider buying the asset in period ¢ at the current ask price a; = p¢ (1 + %) In every period 7 > t, if the
investor is still holding the asset, a liquidity shock arrives with probability A, which forces the investor to
sell the asset at then-current bid price b,. The asset yields no dividends. The investor’s outside option is
putting money in a bank which yields return r and is a perfectly liquid investment.

1. Derive the nominal return R on the asset that should establish in equilibrium. (It should make the
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investors exactly indifferent between investing in the asset and pursuing their outside options.)

2. How does R depend on A? On s? Explain. NOTE: a formal argument coupled with an intuitive
explanation is preferred. You can provide a purely intuitive argument for partial credit if you were
unable to derive the exact expression for R.

Solution

1. The invested amount should be exactly equal to the expected discounted cash flow from a sale, where
the discount rate is r:

s\ _ He1 (1-3) pevz (1— %) peys (1= %)
o (1+§) —A?+(1—A)AW+(1_)\)2)\W+W 0

The idea behind the expression above is as follows: with probability A the investor receives a liquidity
shock and has to sell in the first period after investment, in which case the return is the asset sale price
bit1 = Hit1 (1 — %), and the investor discounts that return by factor 1+ r. The right-hand side of the
expression above consists of an infinite series of terms like this, for each period 7 € {t+1,t+2,¢+3,...}.
The probability of receiving a liquidity shock in period 7 is equal to the joint probability of not
receiving a shock in any of the periods from ¢ + 1 to 7 — 1 and getting a shock at 7, which amounts
to (1 — A\)"~(*+DX. The sale price in period 7 is b, = pr (1 — §) = pe(1+ R)7"* (1 — £). Finally, the

discount factor for period 7 is (1 +7)~(7=1),

Equation can then be rewritten as

it (1+§) = At (1—5) [1+R A-NA+ R Q- NA+RT

2/ [ 1+4r (1+7)2 (I1+7)3

Note that the big bracket on the right-hand side is an infinite geometric series ¥ = By + 81 + B2 + ...

with first term By = % and factor 6 = % (so Bx = Bod*). The equality in must hold,
meaning that the sum must be convergent, so § < 1. Using the formula for the sum of an infinite

geometric progression, ¥ = 1’%, we get:

s s e
o (14 5) = (1-3) e
T
= (”;)‘A(l_a1+r—(11t§)(1+3)

— (1+r)(1+§):(1+3) [A(1*§)+(1*A)(1+§)}

<:)1+R—(1+r)i (2)
L+ 35(1-2))

2. From we see that given r, R is increasing in both s and A, which is quite intuitive: s increases the
asset illiquidity that the investor is exposed to, which increases the illiquidity premium required by the
investor, and A increases the probability with which (decreases the average time before) the investor
is exposed to this illiquidity, which has the same effect.
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Problem 3: Dynamic limit order book with adverse selection:
Effects of algorithmic trading

This problem explores the effects of informed trading in a version of the Parlour model that we have seen in
class. Suppose that there is one asset, whose fundamental value v is unknown, and whose market valuation
evolves according to py = E[v | Q] = pe—1 + €, where ¢; € {—0, 0} with equal probabilities is period-t news,
publicly announced at the end of period ¢ (after any period-t orders are submitted)ﬂ In every period t,
one risk-neutral trader arrives at the market. With probability 7 the trader is informed and already knows
this period’s news €;. With probability 1 — 7 the trader is uninformed but has an idiosyncratic valuation
y+ € {—0, 0} with equal probabilities, which is independent of all {€;}. The period-t uninformed trader thus
values the asset at v + y;.

Suppose that in every period, there is one ask price a; = p;—1 + S and one bid price by = py;—1 — .5, where S
denotes the half-spread, constant across periods. Each arriving trader can choose between submitting a limit
order for one unit at the respective price or a market order against an existing order in the limit order book.
A limit order is valid for one period and is automatically cancelled if it is not traded against by the next
trader. Suppose further that a limit order submitted in period ¢ can be automatically cancelled or repriced
when ¢, is revealed, so a limit sell order submitted in period ¢ is effectively priced at a;y1 = p¢ + 5, and a
limit buy order at byy; = put — S. Let d; € {@, MS, LS, LB, M B} denote the order submitted by period-¢
trader, where d; = @ means the trader abstains from trading, and the other four denote, respectively, the
market sell, limit sell, limit buy, and market buy orders.

1. What is the expected utility of a period-t informed trader from using a limit buy order, as a function
of its execution probability pyss?

2. What is the expected utility of a period-t uninformed trader from using a limit buy order, as a function
of its execution probability pyrs?

3. What are the expected utilities that the informed and uninformed traders get from using a market buy
order (assuming a limit sell order is in the book)?

4. Conjecture that when y; = +o, the uninformed trader uses a market buy order with probability «,
assuming one is available, and a limit buy order w.p. 1 — «; when ¢; = +0, the informed trader uses
MB w.p. 8 and LB w.p. 1 — §; and symmetric strategies are used when y;/e; = —o. Calculate the
spread level SU (as a function of «, ) that renders the uninformed traders indifferent between market
and limit orders.

5. Calculate the spread level ST (as a function of a,3) that renders the uninformed traders indifferent
between market and limit orders. How does it compare to SY? Explain this relation intuitively: which
group of traders is more willing to provide liquidity and why?

6. Taking S as exogenous, what kind of pure-strategy equilibria can arise for different levels of S? (Note
that relation of S and S, SY determines o and 3, which, in turn, determine S’ and SY.)

7. Where do you expect the equilibrium spread S to be, relative to the interval that you identified. (Who
has the power to determine S? Would these traders prefer higher or lower S? Calculate the equilibrium
S if you can.)

NOTE: you can attempt to answer this question intuitively for partial credit if you have not answered
some or all of the parts 1-6 above.

8. Turns out, this problem was about algorithmic trading all along! In particular, suppose that it is
exactly algorithmic trading that gives the limit traders their ability to reprice their limit orders before

1Object Q¢ denotes all public information available to the market at (the end of) period ¢.
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they are picked off. Explain intuitively the implications of algorithmic trading in the context of this
model.

NOTE: you are expected to make an educated guess about the results in the absence of algotrading; you
are not expected to analyze the whole model without repricing. You can attempt to answer this question
even if you have not answered some or all of the parts 1-7 above.

Solution

This solution assumes that all limit orders are always automatically repriced, in line with the suggestion to
consider LS order in period t as priced at a;y+; and LB as priced at by;11. One could alternatively consider a
problem, in which a limit trader strategically decides whether to reprice or not (which would only be relevant
for an uninformed trader). Such a setup may yield different results, but would still be considered correct.

1. The informed trader’s expected utility from a limit buy order is
Ulg = E[(U —bey1)pms | pe—1, €, deyr = MS}
= ((Mt + Elettr | €, dipr = MS]) — (ue — S))PMS

- (S—i—IE[etH e, disr = MS])pMS. (3)

Note that while the informed trader knows ¢;, they do not know €;11, and the event that their limit
order executes may be informative about €;1.

2. The uninformed trader’s expected utility from a limit buy order is
Ulp = ]E[(U + Yt — ber1)pms | pu—1,dip1 = MS}
= ((#t—l + Eler + €41 | diyr = MS] +yi) — (e—1 + Eles | deyr = MS] — S)>pMS

= (]E[GtJrl | div1 = MS]+y: + S)Z?Ms- (4)

The uninformed trader has no prior knowledge of either ¢; or €11, but the former is irrelevant (since
the trader can reprice after ¢; is revealed), and the trader can make inferences about the latter from
the event dyy1 = MS.

3. The informed trader’s expected utility from using a market buy order is given by

Ulip =E[v | pe—1, €] — ar
= (pe—1 +€t) = (-1 +5)
= €t — S (5)

For the uninformed trader we have

Uiip = (E[v | pe—1] +w) — a
= (-1 +yt) — (-1 +5)
=y — 5. (6)

Page 4 of |§|



Kgbenhavns Financial Markets Microstructure Spring 2022
Universitet Exam Prof. Egor Starkov

4. Given « and 3, we can calculate pp;s and the expectations that enter the utilities above:

p]y[SZT('g—F(l—?T)%,
B (1—m)2
™ i
Ele €r,diy1 = MS] =E[e digr=MS]= ——2 . (—0)+———"22 .0
et | €ts dia | =Elet+1 | dia ] I (—o) A (1-ma
B —nfo
B+ (1—ma’

The cutoff SY must be such that U,z = UY (it is trivial to verify that the indifference on the sell
side yields the same condition):

U _ —mpo v). (.2 _ ¢

2-(1-ma
2+(177r)a+7r60'

— U =

5. The cutoff ST must be such that UI{/IB = U£31

S BN € vy

2+wp

T _
= S _2+(1—7r)a+7rﬂ0'

It is easy to see that ST > SU. Since trader of type § € {I,U} prefers market orders when S < S
and limit orders when S > S?, it follows then that informed traders use market orders at least as often
as the uninformed traders (5 > « in equilibrium). This is because the informed traders trade based
on their private information and have no other trading concerns — but their informational advantage

can only be capitalized on via market orders, since ¢, is publicly revealed before any trade can happen
with a limit order.

6. Three cases are possible with pure strategies:

(a)

S > ST: then o = 8 = 0, so no traders use market orders (an indirect way to notice this is to
observe that market orders yield negative profit). The cutoff then evaluates to S{ = o. However,
if no traders use market orders, then there is no point to using limit orders, leading to a market
breakdown. Therefore, if S > o, then there is no trade in equilibrium.

S € (8Y,87]: then a = 0,8 = 1. The cutoffs in this case evaluate to S = o, S§ = 32-0.

Therefore, when S € ( J] , there exists an equilibrium, in which the uninformed traders use

il
limit orders, while the informed traders use market traders whenever possible (a simple verification
confirms that both types get weakly positive profits from their respective strategies, so abstaining
is not strictly optimal, and the remaining order types — LS/MS when a buy is prescribed and

LB/MB when a sell is prescribed, — yield negative expected profit).

S < SY: then a = B = 1. The cutoff then evaluates to SY = HT’TJ. So when S < HT’TU, there
exists an equilibrium in which all traders use market orders whenever possible and limit orders
otherwise (a similar verification to the one mentioned in the previous point is required). Note
that this is, indeed, an equilibrium: despite all traders’ preference for market orders, not all of
them have the opportunity to trade via a MO (since an appropriate limit order may not be in the

LOB), in which case they will have to submit a limit order.
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librium exists, in which 8 = 1, and « solves S = SY).

Note that if S € (HJO' LO’) then no pure-strategy equilibrium exists (but a mixed-strategy equi-

7. The prices are set by the (endogenously selected) limit order traders, whereas traders submitting market
orders can only choose whether to trade or not at a given price. It is in the limit order traders’ interest
to maximize S, since this increases their profits — as long as future traders are willing to trade against

147

their limit orders. This is a reason to believe that S would be up to either =t*o, or 0. Comparing the

expected profits from submitting limit orders at the two price levels yields that both the informed and

the uninformed traders get higher expected profit when setting S = HT“U, since then the gain from a

lower execution risk outweighs the loss from a worse price, compared to S = o.

A possible countervailing force is competition. If limit order traders are competitive, the competition
may drive the spread down to S = 0. When taken literally, however, this model has no competition,
since there can be at most one limit order per period and limit orders are automatically cancelled after
one period.

8. Algorithmic trading that allows automatic repricing of limit orders mitigates the risks of limit or-
ders, mainly the risk of being picked off after unfavorable news is revealed. This reduces the liquidity
providers’ exposure to adverse selection, thereby making liquidity provision more attractive and im-
proving market liquidity as a resultE|

2The actual logic at play is slightly more convoluted. The equilibrium (half-)spread S derived in part 6 is given by “the
largest spread that uninformed traders are willing to tolerate while still trading with market orders”. Reducing adverse selection
and making limit orders more appealing reduces this level. So the equilibrium liquidity is improved due to reducing the limit
order traders’ market power, which, in turn, is due to the limit orders becoming more appealing.
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